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Adiabatic model of (d, p) reactions with expicitly energy-dependent non-local
potentials.
R.C. Johnson and N.K. Timofeyuk
Department of Physics, Faculty of Engineering and Physical Sciences,
University of Surrey, Guildford, Surrey GU2 7XH, United Kingdom
(Dated: August 26, 2018)
We have developed an approximate way of dealing with explicit energy-dependence of non-local
nucleon optical potentials as used to predict the (d, p) cross sections within the adiabatic theory.
Within this approximation, the non-local optical potentials have to be evaluated at an energy shifted
from half the incident deuteron energy by the n−p kinetic energy averaged over the range of the n−p
interaction and then treated as an energy-independent non-local potential. Thus the evaluation of
the distorting potential in the incident channel is reduced to a problem solved in our previous work in
[Phys. Rev. Lett. 110, 112501(2013) and Phys. Rev. C 87, 064610 (2013)]. We have demonstrated
how our new model works for the case of 16O(d, p)17O, 36Ar(d, p)37Ar and 40Ca(d, p)41Ca reactions
and highlighted the need for a detailed understanding of energy-dependence of non-local potentials.
We have also suggested a simple way of correcting the d−A effective potentials for non-locality when
the underlying energy-dependent non-local nucleon potentials are unknown but energy-dependent
local phenomenological nucleon potentials are available.
PACS numbers: 25.45.Hi, 21.10.Jx
I. INTRODUCTION
In our two previous publications [1, 2] we have pro-
posed a method for calculating A(d, p)B cross sections
when the interaction of the neutron and proton in
deuteron with the target A is energy-independent but
non-local. This development has been motivated by the
growing number of (d, p) experiments performed at ra-
dioactive beams facilities with the aim of extracting spec-
troscopic information beyond the limits of β-stability, in-
cluding cases important for astrophysical applications.
The (d, p) reaction is known [3] to be dominated by those
components of the total wave functions in which the sep-
aration between the neutron and proton in the incoming
deuteron is less than the range of the n − p interaction.
Such components are often calculated in the adiabatic
distorted wave approximation (ADWA) where the effec-
tive deuteron potential is derived from neutron and pro-
ton optical potentials taken at some fixed energy [4, 5].
Since the introduction of ADWA the fixed neutron and
proton energies used to calculate the adabatic deuteron
potential were always taken to be precisely half of the
deuteron incident energy [4, 6, 7]. Such a prescription
seemed to be reasonable from the intuitive point of view
that appeals to the low binding energy of deuteron.
The first indications for a need to go beyond the ap-
proximation of fixed nucleon energies came from the Fad-
deev study of transfer reactions in Refs. [8, 9]. The
energy dependence of the nucleon optical potentials as-
sumed there were either explicit [8] or a result of the
non-locality of energy-independent nucleon potential [9].
Given that the Faddeev formalism is too complicated for
the routine analysis of deuteron stripping reactions we
have suggested [1, 2] a practical way to account for the
non-locality of nucleon optical potentials in the ADWA
developed in [4, 6]. It turned out [2] that for energy-
independent non-local potentials of the Perey-Buck type
[10] a simple adiabatic deuteron potential can be con-
structed as a solution of a transcendental equation, sim-
ilar to the one obtained for nucleon scattering in [10].
Moreover, for Z = N nuclei and isospin independent nu-
cleon optical potentials this solution is related to the sum
of nucleon potentials taken at an energy shifted with re-
spect to the half the incident deuteron energy by about
40 MeV. We have shown that this large shift comes from
the relative n− p kinetic energy averaged over the short-
range potential Vnp [1, 2]. The new effective deuteron
potential is shallower than that traditionally used in the
ADWA and this leads to a change in normalizaton of
predicted (d, p) cross sections with consequences for their
interpretation in terms of nuclear structure quantities.
The simple prescription of Refs. [1, 2] to obtain the
d − A potential for (d, p) reactions relies strongly on
the assumption that the energy-dependence of nucleon
optical potentials is a consequence of the non-locality
of energy-independent potentials. However, the formal
theory of optical potentials developed by Feshbach [11]
shows that optical potentials are not only non-local but
energy-dependent as well. The explicit energy depen-
dence of Feshbach potentials comes from the coupling of
channels with the target, A, in its ground state to chan-
nels in which A is excited, i.e, the mechanism that gives
rise to the imaginary part of the optical potential when
the excited channels are open. The result is that global
local energy-dependent potentials derived from analysis
of experimental data may not be of the Perey-Buck type.
We have checked this for optical potentials taken from
frequently-used global systematics CH89 [12]. We found
that only their real parts satisfy the Perey-Buck form
with the usual non-locality range of 0.85 fm while the
imaginary parts are definitely not of the Perey-Buck type
and do not follow any immediately obvious systematic
2rule. Therefore, it is unclear how to treat explicit energy
dependence of the popular CH89 global potential in the
ADWA. This may be relevant to other energy-dependent
global optical potentials available in the literature and
used in (d, p) reaction calculations.
In this paper we suggest an approximate practical way
of dealing with explicitly energy-dependent non-local op-
tical potentials. For this purpose we first consider in
Sec. II the connection between three-body model and
underlying many-body problem that leads to the en-
ergy dependence of optical potentials. Then in Sec. III
we give formal expressions for optical potential opera-
tors in two- and three-body systems. We derive in Sec.
IV the link between the adiabatic (d, p) models with
energy-dependent and energy-independent optical poten-
tials making important comments in Sec. V. We apply in
Sec. VI the new model to calculation of the cross sections
of the same (d, p) reactions considered earlier by us in
Refs. [2]. We discuss our model and the results obtained
making conclusions in Sec. VII. Important derivations
are given in the Appendix.
II. CONNECTION BETWEEN THE
THREE-BODY MODEL OF THE n+ p+ A
SYSTEM AND THE UNDERLYING
MANY-BODY PROBLEM.
Explicit energy dependence of the nucleon optical po-
tential arises as the result of internal structure of the
target and the consequential possibility that the target
can be excited. On the other hand, it is customary
to model the A(d, p)B reaction in terms of scattering
state solutions of a three-body Schro¨dinger equation in
which only the co-ordinates of the n and p appear explic-
itly. We can formalize this procedure by regarding the
three-body wavefunction of the model as the projection,
Ψ
(+)
kd
(n, p)φA, of the full A+ 2 many-body wavefunction
corresponding to a deuteron incident on a nucleus A in its
ground state, φA, onto the ground state of A. This pro-
jection has outgoing waves that describe elastic deuteron
scattering and elastic deuteron break-up exactly and out-
going waves in any open stripping channel in which B
has a non-neglible component with A in its ground state.
The complete many-body wavefunction has components
in which A is not in its ground state. The existence of
coupling to these components influences the projection
Ψ
(+)
kd
(n, p)φA but we will base our analysis on a model in
which their explicit contribution to the A(d, p)B transi-
tion matrix is neglected.
Within this framework an exact expression for
A(d, p)B transition matrix is
Tdp = 〈Ψ
(−)
kp,B
(p,B)|Vnp|Ψ
(+)
kd
(n, p)φA〉, (1)
where Vnp is the n−p interaction and Ψ
(−)
kp,B
is a solution
of the many-body Schro¨dinger equation corresponding to
a proton with momentum kp incident on B but with Vnp
deleted. This expression for the exact amplitude differs
from the widely used alternative expression in which the
transition operator is given by Vnp+
∑
i∈A Vpi−UpB [13]
and the bra-vector contains the product of the wave func-
tion of nucleus B and the distorted wave in the p − B
channel generated by the (arbitrary) optical potential
UpB. The advantage of Eq. (1) is that it contains the
short-ranged transition operator Vnp only, which allows a
simple approximation for the Ψ
(+)
kd
(n, p) to be developed.
However, the final state wave function Ψ
(−)
kp,B
in this ex-
pression becomes more complicated. To further discuss
this issue we restrict ourselves to a three-body model,
n+ p+A, in which the internal degrees of freedom of A
are not treated explicitly. In this case Ψ
(−)
kp,B
is a solution
of a three-body problem, but it is a very special one in
which (i) two of the bodies, n and p, do not interact, and
(ii) in practical applications to A(d, p)B reactions A is
frequently much more massive than a nucleon. In fact,
in the A→∞ limit excitation of B is impossible in this
model and the exact solution for Ψ
(−)
kp,B
is the product
of χ
(−)
kp
(p), a proton scattering wave function distorted
by the proton-target potential VpA, and the wave func-
tion of the final nucleus B. The overlap of the latter
with A gives the neutron overlap function IAB . Deriva-
tions of these results are given in [14] where references
to earlier work can be found. Corrections to this limit
in the case of selected light nuclei A have been evalu-
ated in [15] using the adiabatic approximation to handle
the excitation and break-up of B by the recoil of A and
in [16] using the continuum-discretized coupled-channel
method. It was shown in [15] how the recoil corrections
modify the proton distorted wave, χ
(−)
kp
(p), by a factor
that goes to unity for large A leaving a three-body wave
function with a range limited in space by the neutron
overlap function. We refer to [15] and [16] for further
quantitative discussion of these results which show that
recoil contributions to Ψ
(−)
kp,B
can probably be ignored
in the first instance except for the very lightest nuclei.
The aim of the present paper is to clarify how a proper
treatment of the wave function in the incident channel
changes (d, p) predictions when the wave function in the
final channel is fixed. Although to date a complete so-
lution to the problem of calculating Ψ
(−)
kp,B
for finite A
has not yet been obtained the results of [15] and [16] give
sufficient grounds for ignoring the finite A complications
in Ψ
(−)
kp,B
for our purposes.
The emphasis will now be on the evaluation of
Ψ
(+)
kd
(n, p), which by definition is a function of the co-
ordinates of n and p. We will make heavy use of the fact
that the evaluation of the amplitude (1) requires knowl-
edge of this function within the range of Vnp only and
we will make approximations that are inspired by this
3observation.
Using projection operator techniques originally given
by Feshbach [11] it is possible to derive explicit expres-
sions for the effective interactions that appear in the
three-body Hamiltonian that drives Ψ
(+)
kd
(n, p). This ef-
fective Hamiltonian is
Heff = T3 + Vnp + U
0
n(n) + U
0
p (p) + 〈φA | U | φA〉, (2)
where T3 is the three-body kinetic energy operator for
n + p + A in the centre of mass system and the bra-ket
notation here implies integration over the target nucleus
co-ordinates to leave an operator in n and p co-ordinates
only. The interactions U0N(N) that appear in Eq. (2)
depend only on the n − A and p − A coordinates, re-
spectively, being diagonal in states of the target A, but
otherwise arbitrary at this point. They have no influence
on the ground state matrix elements of U + U0n + U
0
p or
on the three-body wave function. The importance of the
introduction of the U0N ’s in the present context is that
their arbitrariness can be used to decouple the neutron
and proton contributions to the complex many-body op-
erator U , at least as far as the lowest multiple scattering
contributions are concerned. How this is done will be
discussed in Sec. IV.
The many-body operator U in Eq. (2) accounts for all
the effects of the target nucleus degrees of freedom. It
satisfies the integral equation (see Appendix A)
U = (∆vnA +∆pA) + (∆vnA +∆pA)
QA
e
U
∆vNA = vNA − U
0
N , vNA =
A∑
i=1
vNi, N = n, p,
(3)
The operator QA projects onto excited states of the tar-
get and the energy denominator e is given by
e = E3+i0−T3−Vnp−U
0
n(n)−U
0
p (p)−(HA−EA), (4)
where HA and EA are the internal Hamiltonian and the
ground state energy of the target A, respectively. E3 is
the three-body energy related to the incident centre of
mass kinetic energy Ed and deuteron binding energy ǫ0
by E3 = Ed − ǫ0.
A formal solution of Eq. (3) is
U = (∆vnA +∆pA) + (∆vnA +∆pA)QA
×
1
e−QA(∆vnA +∆pA)QA
(∆vnA +∆pA).
(5)
〈φA | U | φA〉 sums up all processes via excited tar-
get states and the deuteron ground and break-up states
that are coupled to the target ground state by ∆vNA and
which begin and end on the target ground state. The ex-
pansion that appears on iteration of Eq. (3) by repeated
substitution for U on the right-hand side makes this clear:
U = (∆vnA +∆pA)
+ (∆vnA +∆pA)
QA
e
(∆vnA +∆pA)
+ (∆vnA +∆pA)
QA
e
(∆vnA +∆pA)
QA
e
(∆vnA +∆pA)
+ . . . . (6)
When averaged over the target ground state, and added
to U0n(n) + U
0
p (p), the first term on the right-hand-side
of (6) will be recognised as providing an expression for
the sum of the real nucleon optical potentials calculated
in a folding model using the free-space interactions be-
tween n and p with the target nucleons. The second
and higher order terms include the effect of target exci-
tation. Because of the propagator 1e they are complex
and non-local in neutron and proton coordinates even
when the nucleon-nucleon interactions vNi are local. In
addition there is an explicit dependence on the energy E3
through the energy denominator e. The purpose of this
E3 dependence is to link the three-body energy of the sys-
tem to the thresholds of all relevant channels correctly.
For example, if E3 is less than the energy of a coupled
intermediate excited state then the corresponding con-
tribution to U will be real (Hermitean); otherewise, a
complex (non-Hermitean) contribution will result. This
is the physical reason for expecting the effective interac-
tion to be explicitly energy dependent.
Our aim is to make a connection between U0n(n) +
U0p (p)+〈φA | U | φA〉 and the neutron and proton optical
potentials and, in particular, to determine the energies at
which phenomenological optical models should be taken
to reproduce the main properties of U0n(n) + U
0
p (p) +
〈φA | U | φA〉 for application to evaluation of the (d, p)
transition amplitude (1). We shall see that this can only
be done approximately.
III. FORMAL EXPRESSIONS FOR THE
NUCLEON OPTICAL POTENTIAL IN TWO-
AND THREE-BODY CHANNELS.
A. Multiple scattering expansion of operator U .
The operator U which is a complicated operator in the
coordinates of n, p and A, can be partially separated into
its p−A and n−A contributions by using manipulations
from multiple scattering theory (see Appendix B). We
obtain
U = UnA + UpA
+ UnA
QA
e
UpA + UpA
QA
e
UnA + ....., (7)
where
UNA = ∆vNA +∆vNA
QA
e
UNA (8)
4and the dots in (7) are terms of third or higher order in
UnA and/or UpA, always with an excited target (though
not necessarily excited deuteron) as intermediate state.
We emphasize that although the target ground state
matrix element U0n + U
0
p + 〈φA|U |φA〉 is independent of
the U0N this is not true of the matrix elements U
0
N +
〈φA|UNA|φA〉. The underlying reason for this is that the
denominator e in UNA depends both on U
0
n and U
0
p and,
therefore, UNA is not symmetric in n and p.
We notice that the operators UnA and UpA in Eqs.
(7) and (8) are strongly reminiscent of Feshbach’s [11]
operator, which gives the nucleon optical potential when
sandwiched between target ground state vectors. The
exact expressions for this operator are given below.
B. Two-body optical potential operator.
According to Feshbach [11] the optical model operator
for a nucleon with kinetic energy EN satisfies the integral
equation
UoptNA(EN ) = vNA + vNA
QA
eN
UoptNA(EN ), (9)
where eN = EN + i0 − TNA − (HA − EA). In terms of
the solution of this equation the optical potential, V optNA ,
for nucleon scattering by A at energy EN is given by
V optNA (EN ) = 〈φA | U
opt
NA(EN ) | φA〉
= 〈φA | vNA + vNAQA
1
eN −QAvNAQA
vNA | φA〉.
(10)
Note that in the proton case we include Coulomb in-
teractions in the NN potenital vpA and, therefore, our
proton optical potential includes a Coulomb potential
Vc(p) = 〈φA|
∑A
i=1 v
coul
pi |φA〉.
To make a connection with the n+p+A case of the last
subsection we introduce a slightly modified definition of
nucleon optical potential:
U¯optNA = ∆vNA +∆vNA
QA
e¯N
QAU¯
opt
NA
= ∆vNA +∆vNAQA
1
e¯N −QA∆vNAQA
∆vNA,
(11)
where
e¯N = EN + i0− TNA − U
0
N − (HA − EA) (12)
differs from eN by inclusion of the potential U
0
N . The
operators U¯optNA and U
opt
NA have different matrix elements
in general but their ground state expectation values are
related by 〈φA|U¯
opt
NA|φA〉 = V
opt
nA − U
0
N . The Feshbach
optical potential V optNA is now given by
V optNA(EN ) = U
0
N(N) + 〈φA | U¯
opt
NA(EN ) | φA〉. (13)
Using the same basic relation between the nucleon op-
tical potential and the underlying many-body theory that
we use here Buck and Lipperheide [17, 18] showed that a
non-local and energy independent potential operator can
be formally defined that generates the same projection
of the many-body wavefunction on to the target ground
state as does the explicitly energy dependent Eq. (13).
However, the potential they derive as well as being non-
Hermitean, as is also Eq. (13), does not satisfy a standard
transformation under time reversal. When the underly-
ing two-body interactions vNi are invariant under time
reversal, Feshbach’s (13) satisfies
KV optNAK
−1 = (V optNA )
†, (14)
where K is the non-linear time reversal operator for the
N+A system. The operator defined by Buck and Lipper-
heide does not satisfy this relation. This results in a very
clumsy discussion of reciprocity in reaction theories that
make use of optical potentials and we therefore choose
not to make use of the Buck-Lipperheide definition here.
C. Relation between the three-body and two-body
optical potentials.
The three-body operator U has contributions from
the UNA as leading term in the three-body Hamiltonian
through Eqs.(2) and (7):
〈φA | UNA(E3) | φA〉 = 〈φA|∆vNA|φA〉
+〈φA | ∆vNAQA
1
e−QA∆vNAQA
∆vNA | φA〉.
(15)
These quantities have a similar structure to the Feshbach
form for the nucleon optical potential discussed in the
last Section. Note however that the energy denominator
e = E3 + i0 − T3 − Vnp − U
0
n(n) − U
0
p (p) − (HA − EA)
which appears everywhere in the n + p + A case is not
the denominator e¯N = EN + i0−TNA−U
0
N − (HA−EA)
that appears in the neutron operator (12).
In order to deal with this difference when calculating
〈φA|U |φA〉 we proceed as follows:
(i) We neglect the higher order multiple scattering
terms that appear on the right-hand-side of Eq. (7).
These neglected terms involve n − A and p − A exci-
tations that cannot be expressed in any obvious way as a
sum of terms depending separately on the n and p coor-
dinates. They remain to be investigated in future work.
These contributions are neglected in all three-body mod-
els of the n + p + A system with heavy targets. They
will not be discussed further. This means our approxi-
mation Ueff for the effective interaction in the three-body
Hamiltonian (2) in addition to Vnp is
Ueff(n, p) = U
n
eff(n) + U
p
eff(p),
UNeff(N) = U
0
N(N) + 〈φA | UNA | φA〉, (16)
5where N is n or p and the UnA and UpA are given by Eq.
(8).
(ii) We consider only the limit of the infinite target
mass so that the three-body kinetic energy operator, T3,
can be separated into terms that depend on the individ-
ual neutron and proton coordinates relative to the target,
T3 = Tp + Tn, where Tp ≡ TpA and Tn ≡ TnA. This ap-
proximation seems to be essential if we are to obtain a
three-body Hamiltonian which involves a sum of n − A
and p − A potentials each of which only depend on the
coordinates of one nucleon. The energy denominator e is
now
e = Ed + i0− ǫ0 − Tn − Tp − Vnp
−U0n(n)− U
0
p (p)− (HA − EA). (17)
IV. DISTORTING POTENTIALS FOR THE
ADIABATIC MODEL OF A(d, p)B REACTIONS
It has been shown [3] that for a range of incident
deuteron energies of current experimental interest the
A(d, p)B amplitude (1) is dominated by the first Wein-
berg component of Ψ
(+)
kd
(n, p), i.e.,
〈φ1 | Ψ
(+)
kd
(n, p)〉, (18)
where φ1 is defined in terms of the n-p interaction Vnp
by
| φ1〉 =
Vnp | φ0〉
〈φ0 | Vnp | φ0〉
, (19)
in which φ0 is the deuteron ground state wavefunction.
In (18), the integration is performed over the n-p relative
coordinate, r = rn−rp, resulting in a function of the n-p
centre of mass coordinate, R = 12 (rn + rp), only. The
state φ1 restricts the n-p relative coordinate to be less
than the range of the n-p interaction Vnp.
In the ADWA approximation [6] the first Weinberg
component of Ψ
(+)
kd
(n, p) is determined by a distorted
wave χ
(+)
kd
(R) satisfying the equation
(Ed − TR − 〈φ1 | Ueff | φ0〉)χ
(+)
kd
(R) = 0, (20)
where Ueff is given by Eq. (16). We first consider the
UnA term in the expression for Ueff .
The dependence of the UnA on the proton coordinates
is solely through the presence in e of the operators Tp+U
0
p
and Vnp. The values taken by Tp+U
0
p+Vnp influence the
net neutron energy parameter in e and hence determine
the appropriate energy at which to choose the neutron
optical potential. Our method here is to replace Tp +
U0p +Vnp by an average value consistent with dominance
of the first Weinberg component to the (d, p) reaction.
We deduce this value within the ADWA. Similarly, we
will replace the Tn + U
0
n + Vnp operator in the UpA term
for Ueff by an average value.
The ADWA potential in Eq. (20) has energy de-
pendence that comes through the energy denominators
in 〈φ1φA|∆vNAQA(e − QA∆vNAQA)
−1QA∆vNA|φ0φA〉
which contains the matrix elements 〈φA|PA∆vNAQA|φA〉
that are the functions ofR±r/2. The range of variable r
is restricted by the range of φ1φ0 which is about 0.45 fm.
Therefore, for mostR relevant for evaluating χ
(+)
kd
(R) we
have r/2 ≪ R. Therefore, to a first approximation the
operators QA∆vNAPA in the numerator can be replaced
by their form at r = 0. Then the only matrix element in-
volving integration over r is 〈φ1|(e−QA∆vNAQA)
−1|φ0〉.
We show in Appendix C that within the ADWA we
can consistently use the approximation
〈φ1|(e−QA∆vNAQA)
−1|φ0〉 ≈
1
〈φ1|e−QA∆vNAQA|φ0〉
.
(21)
We consider the contribution from N = n first. To eval-
uate the denominator in the right-hand-side of (21) we
use definition (17) for e and the result from Appendix D
〈φ1|Tp + Vnp|φ0〉 =
1
2
(TR − 〈Tr〉)− ǫ0, (22)
where TR and Tr are the kinetic energy operators associ-
ated with the coordinates R and r respectively and
〈Tr〉 = 〈φ1|Tr|φ0〉. (23)
We determine a reasonable value for the operator TR in
Eq. (22) by recalling that it acts on the first Weinberg
component χ
(+)
kd
(R). Using Eq. (20) we get
〈φ1|e − QA∆vnAQA|φ0〉
=
1
2
[Ed + 〈φ1|Ueff |φ0〉 − 2〈φ1|U
0
p (p)|φ0〉+ 〈Tr〉]
− [〈φ1|Tn|φ0〉+ 〈φ1|U
0
n(n)|φ0〉]
− 〈φ1|QA∆vnAQA|φ0〉 − (HA − EA). (24)
We now recall that the potentials U0n and U
0
p are arbitrary
provided that they commute with QA. We are therefore
at liberty to choose
〈φ1|U
0
p (p)|φ0〉 =
1
2
〈φ1|Ueff |φ0〉. (25)
With this step Eq. (21) reduces to
〈φ1|(e −QA∆vnAQA)
−1|φ0〉
=〈φ1|
1
Eeff − Tn − U0n(n)−QA∆vnAQA
|φ0〉, (26)
where
Eeff =
1
2
Ed +
1
2
〈Tr〉. (27)
6The neutron contribution to the ADWA effective inter-
action (16) is given by
〈 φ1 | U
n
eff(n) | φ0〉
= 〈φ1 | U
0
n(n) + 〈φA | UnA | φA〉 | φ0〉
= 〈φ1 | U
0
n(n) | φ0〉+ 〈φ1φA | ∆vnA +∆vnAQA
×
1
Eeff − Tn − U0n(n)−QA∆vnAQA
QA∆vnA | φAφ0〉.
(28)
We see that the expression (28) is just the neutron contri-
bution to the ADWA distorting potential calculated with
a non-local neutron optical potential taken at energy Eeff .
Similar conclusion can be made for proton contribution
〈φ1 | U
p
eff(n, p) | φ0〉 to the ADWA distorting potential.
With the choice
〈φ1 | U
0
n(n) | φ0〉 =
1
2
〈φ1 | Ueff | φ0〉 (29)
we find in identical fashion that this contribution is
obtained using the p − A optical potential, including
Coulomb terms, taken at the proton energy Ep also equal
to Eeff =
1
2 (Ed + 〈Tr〉). We note that with the choices
given by Eqs. (29) and (25) the neutron and proton con-
tributions to the effective interaction of the three-body
model in the single scattering approximation are inde-
pendent of the U0N . The choice (29) for U
0
n will influence
higher order multiple scattering terms in Eq. (7). We
will not consider these terms further here.
V. COMMENTS
We have given arguments that suggest that for the pur-
pose of calculating (d, p) cross sections in the ADWA ap-
proximation when the nucleon optical potentials are ex-
plicitly energy dependent as well as non-local the neutron
and proton kinetic energies used in the incident channel
should be 12Ed +
1
2 〈Tr〉. This is acheved by averaging
the proton kinetic energy in the incoming deuteron and
adding the extra kinetic energy the neutron has because
it must be close to proton in order to contribute to the
(d, p) amplitude. Thus the problem of calculating the
ADWA amplitude for A(d, p)B with energy-dependent
nonlocal potentials is reduced to the problem of calcu-
lating this amplitude with energy-independent nonlocal
potentials, the solution of which is found in Refs. [1, 2].
If a phenomenological non-local, explicitly energy depen-
dent nucleon potential is available, the prescription of
present paper together with that from Refs. [1, 2] can be
used unambiguously.
The energy-independent non-local potential that re-
places the original energy-dependent nonlocal potential
is obtained from the latter by evaluating it at the energy
shifted from the intuitively assumed Ed/2 value by one
half of the average n− p kinetic energy within the range
of the n − p potential, approximately equal to 57 MeV
[1]. This value is close to, but not equal to, the energy
shift ∆E ∼ 40 MeV, identified in Refs. [1, 2] as the shift
to the Ed/2 value that provides the appropriate energy
of energy-dependent equivalents of nonlocal potentials to
be used in ADWA.
For all known phenomenological optical potentials the
underlying energy-dependent non-local potentials are not
known. It may be tempting to use the conclusion of
the previous section for choosing in the ADWA calcu-
lations the phenomenological local potentials taken at
energies Eeff =
1
2Ed +
1
2 〈Tr〉. This, however, would
be a source of confusion and may lead to a wrong re-
sult. Indeed, if U(E, r, r′) is the underlying energy-
dependent non-local potential for the phenomenologi-
cal local energy-dependent equivalent Uphen(E, r) then
the ADWA needs to use the energy-independent non-
local potentials U(Eeff , r, r
′). This would give a differ-
ent equivalent energy-dependent potential U˜(E, r) which
then should be taken at the energy Ed/2+∆E, as shown
in [1], [2]. The two potentials U˜(Ed/2 + ∆E, r) and
Uphen(Eeff , r) are not the same. We will derive a link
between them for a particular class of U(E, r, r′) in the
next section. However, more generally, further knowledge
of energy-dependent non-local potentials is needed.
It is interesting to compare our treatment of explicit
energy dependent optical potentials with that of Ref. [8].
In that work the Faddeev approach was used to solve
the three-body problem. Energy dependence is treated
in [8] by taking the neutron (proton) optical potential
at an energy equal to the variable neutron (proton) en-
ergy parameter used in evaluating the neutron (proton)
t-matrix as it appears in the Faddeev equations. This
seems physically plausible at first sight, but what kind of
Schro¨dinger equation such an approach corresponds to
is not clear. The Faddeev equations have been derived
from the Schro¨dinger equation with energy-independent
non-local pairwise potentials. We are not aware of a for-
mal derivation of the Faddeev equations for explicitly
energy-dependent pair potentials of the type that arise
from many-body effects as discussed in Section II.
In our view, explicit energy dependence is an effect that
can only be understood by explicitly recognising the in-
ternal degrees of freedom of the target as is done here and
in Refs. [7, 19]. It should be added that the approximate
prescription proposed here is intended for use only in the
calculation of the incident channel distorting potential in
a particular expression for the A(d, p)B transition matrix
and is not expected to be useful in any other context.
VI. APPLICATIONS TO THE 16O(d, p)17O,
36Ar(d, p)37Ar AND 40Ca(d, p)41Ca REACTIONS
WITH GLOBAL ENERGY-DEPENDENT
NONLOCAL OPTICAL POTENTIAL
In this section we apply the formalism developed above
to the ADWA calculation of the cross sections of the
16O(d, p)17O, 36Ar(d, p)37Ar and 40Ca(d, p)41Ca reac-
tions at Ed = 15, 9 and 11.8 MeV respectively. The cross
7sections of these reactions have been measured in [20–22].
These are the same reactions that have been considered in
Ref. [2] using the energy-independent non-local nucleon
optical potentials given by Giannini and Ricco (GR) sys-
tematics in [23]. The choice of targets made in [2] was
to justify the use of the GR potential which is valid for
N = Z nuclei only. In the present work, we first use the
Giannini-Ricco-Zucchiatti (GRZ) nonlocal potential [24]
which has an energy-dependent imaginary part. Then
we make a suggestion of how to account for non-locality
when only energy-dependent local phenomenological po-
tentials are known but the underlying energy-dependent
non-local potentials are not known. As an example we
use the widely used CH89 systematics [12].
A. Giannini-Ricco-Zucchiatti potential
For N = Z targets, the GRZ potential is given by
UNA(E, r, r
′) = H(r − r′)UNA(E, (r + r
′)/2), (30)
with the nonlocality factor
H(x) = π−3/2β−3e−(
x
β )
2
(31)
determined by the non-locality range β = 2~2α/µ, where
α = 0.0116 MeV−1 and µ is the nucleon-target reduced
mass. The potential formfactor UNA is defined as
UNA(E, y) = −VNfN (y)− 4iWN(E)fNI(y)(1− fNI(y)),
fi(y) = (1 + exp((y −RN )/ai))
−1. (32)
It has one energy-dependent parameter, the depth of the
imaginary part,
WN (E) = 17.5(1− exp(−0.05E)) MeV. (33)
All other parameters are energy-independent and have
the following values: the depth of the real potential
VN = 85 MeV, the radius of both the real and imag-
inary potentials RN = 1.16A
1/3 fm, the diffusseness
aN = 0.57 fm and aNI = 0.54 + 0.0032A fm for the
real and the imaginary potentials respectively. We ne-
glect the spin-orbit term because its contributions to the
(d, p) cross sections at the chosen incident deuteron en-
ergies are small.
According to the prescription of Sec. IV we solve the
three-body Schro¨dinger equation in the adiabatic approx-
imation using energy-independent imaginary potential
(33) evaluated at Eeff =
1
2Ed +
1
2 〈Tr〉. For
1
2 〈Tr〉 we use
the value of 57 MeV obtained in Refs. [1, 2] for the Hulte´n
n − p potential. We also use V¯c = −1.08 + 1.35Z/A
1/3
MeV from [23, 24]. As explained in [1, 2], in the adiabatic
approximation the deuteron distorted wave is found from
a local-equivalent two-body model
[Ed − TR − Uc(R)− Uloc(R)]χ
(+)
kd
(R) = 0, (34)
where Uc(R) is the d− A Coulomb potential and in the
local-energy approximation the local potential Uloc is a
solution of the transcendental equation
Uloc(R) =M
(0)
0 [UnA(Eeff , R) + UpA(Eeff , R)]
× exp
[
−
µdβ
2
d
2~2
(Ed − Uloc(R)− V¯c)
]
. (35)
In this equation µd is the deuteron-A reduced mass and
the constants M
(0)
0 and βd depend on Vnp and the nu-
cleon non-locality range β only. These constants are tab-
ulated in [2] for the Hulte´n n−p potential. The range βd
has the meaning of an effective non-locality range for the
deuteron-target interaction and is approximately equal
to 0.46 which is close to β/2. The momentM
(0)
0 is about
0.75 and its deviation from one determines the shift of
energy at which the local equivalents of UNA(Eeff , R,R
′)
should be evaluated for use in Johnson-Tandy potential
calculations. In this paper, we determine Uloc by solving
the transcendental equation (35) directly without con-
structing the local equivalent of UNA(Eeff , R,R
′).
The local potentials Uloc obtained for d+
16O, d+36Ar
and d+40Ca are shown in Fig. 1 (a-c). They are com-
pared to the widely used Johnson-Soper potentials UJS
constructed from the energy-dependent local-equivalents
of UNA(E,R,R
′) taken at Ed/2:
UJS(R) = U
n
loc(Ed/2, R) + U
p
loc(Ed/2, R), (36)
Unloc(Ed/2, R) = UnA(Ed/2, R)
× exp
[
−
µβ2
2~2
(
Ed
2
− Unloc(Ed/2, R)
)]
,
Uploc(Ed/2, R) = UpA(Ed/2− V¯c, R)
× exp
[
−
µβ2
2~2
(
Ed
2
− V¯c − U
p
loc(Ed/2, R)
)]
.
(37)
One can see that the real parts of the deuteron local po-
tentials Uloc obtained with GRZ are shallower than the
real parts of the corresponding Johnson-Soper potential
UJS . This is exactly what has been seen already for the
energy-independent non-local potential GR in [1, 2] and
is shown again Fig. 1 (d-f). This reflects the fact that
the real part of GRZ is energy-independent. The imag-
inary parts of Uloc obtained with GRZ are much deeper
than those of UJS , which is completely opposite to what
happens for the imaginary parts of Uloc and UJS obtained
with the energy-independent potential GR. This happens
because the imaginary part of GRZ increases with E and
at Eeff = Ed/2 + 57 MeV it takes on large values while
the imaginary part of UJS is constructed from nucleon
potentials taken at 4 − 8 MeV where WN (E) is small.
On the contrary, for the energy-independent potential
GR the imaginary part of its local equivalent slowly de-
creases with E. Taking this potential at Ed/2+∆E leads
to a smaller imaginary part. The different behaviour of
the imaginary parts of Uloc compared to that of UJS for
GRZ and GR results in the difference manifestation of
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FIG. 1. (Color online) Local adiabatic deuteron potentials Uloc for energy-dependent Giannini-Ricco-Zucchiatti (GRZ) (a, b, c),
energy-independent Giannini-Ricco (GR) (d, e, f) non-local optical nucleon potentials and energy-dependent local potential
CH89 (g, h, i) in comparison to the corresponding Johnson-Soper potentials UJS for
16O, 36Ar and 40Ca targets.
the non-local effects in the corresponding (d, p) differen-
tial cross sections.
To calculate the angular distributions of (d, p) reac-
tions we used the framework (1) in which the remnant
term is absent and the p−B channel is described by the
p − B distorted wave obtained with the p − A optical
potential thus neglecting recoil excitation and breakup
effects (note that in Refs. [1, 2] the p − B optical po-
tential was used which means that the remnant term
was neglected). These optical potentials were obtained
from the local model corresponding to either the GRZ
or the GR potential. The local proton scattering wave
function was multiplied by a Perey factor [25] with the
proton non-locality range appropriate to GRZ or GR.
No Perey effect was considered in the deuteron channel.
Such effects would arise from the linear terms in the ex-
pansion of the nucleon optical potentials near r = 0 for
which no averaging procedure has been developed. In
the first place, these terms will influence the shape of the
deuteron-target effective potential. The associated Perey
effect will also modify the deuteron distorted wave, but
only in the nuclear interior which does contribute sig-
nificantly for the (d, p) considered here where peripheral
contributions dominate.
Both the proton equivalent local potentials and the
effective deuteron potentials Uloc were read into the
TWOFNR code [26] which was used to calculate the (d, p)
cross sections in the zero-range approximation. The over-
lap functions for 17O, 37Ar and 41Ca were represented by
neutron single-particle wave functions obtained by fitting
the Woods-Saxon potential wells to reproduce their cor-
responding neutron separation energies. The standard
radius r0 = 1.25 fm and diffusenness a = 0.65 fm were
used both for central and spin-orbit potentials while the
depth of the spin-orbit potential was 5 MeV. No Perey
effect was used for the neutron wave functions since we
study only the relative change in the cross sections caused
by replacing the Johnson-Soper potentials by our new
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FIG. 2. (Color online) Angular distributions for the 16O(d, p)17O, 36Ar(d, p)37Ar and 40Ca(d, p)41Ca reactions calculated
with local adiabatic deuteron potentials Uloc obtained with energy-dependent GRZ (a, b, c), energy-independent GR (d, e, f)
non-local optical nucleon potentials and energy-dependent local potential CH89 (g, h, i) in comparison to the corresponding
Johnson-Soper calculations.
adiabatic distorting deuteron potentials.
The (d, p) cross sections calculated using deuteron dis-
torting adiabatic potentials Uloc(R) derived with GRZ
and GR are shown in Fig. 2 (a−c) and Fig. 2 (d−f) re-
spectively where they compared to the calculations, per-
formed with the Johnson-Soper potentials derived with
GR and GRZ, and with experimental data. The (d, p)
cross sections are plotted with the spectroscopic factor
S = 1 for 16O and 40Ca targets and S = 0.5 for 36Ar. One
can see that the influence of non-locality for GRZ and GR
is completely different. While for the energy-independent
potential GR the cross sections increase and their shapes
change insignificantly compared to Johnson-Soper calcu-
lations, for energy-dependent potential GRZ the cross
sections decrease and the changes in the shapes of the
angular distributions are more noticeable. This hap-
pens because the Johnson-Soper potential corresponding
to GRZ has much smaller imaginary part than that of
Uloc so that reduction of absorption leads to large cross
sections. For the GR potential, Uloc has less absorption
than UJS resulting in larger cross sections in comparison
to the Johnson-Soper ones. While the difference between
the Johnson-Soper cross sections calculated with GRZ
and GR can almost reach a factor of three (for 36Ar),
the difference of the cross sections obtained in non-local
model with GRZ and GR is much smaller, ∼ 20 − 30%
in the main peak.
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B. Estimation of the deuteron distorting potential
from phenomenological energy-dependent local
nucleon optical potentials.
Suppose we know some phenomenological energy-
dependent optical potential Uphen(E, r). We assume
that its underlying energy-dependent non-local potential
U˜NA(E, r, r
′) has the Perey-Buck form
U˜NA(E, r, r
′) = H(|r − r′|)UNA(
r + r′
2
, E), (38)
where H is given by Eq. (31) with some non-locality
range β. We suppose also that UNA(E, r) is related
to Uphen(E, r) by the Perey-Buck transformations given
by (37). Then according to Sec. IV we need to use
formfactors UNA(E, r) taken at the energy E = Eeff =
Ed/2+〈Tr〉/2 treating them as energy-independent. The
local d−A distorting potential Uloc is obtained from the
transcendental equation (35) which can be rewritten as
Uloc(Ed, r) exp
[
−
µdβ
2
d
2~2
Uloc(Ed, r)
]
= V(Ed, r), (39)
where
V(Ed, r) = exp
[
µβ2
2~2
Eeff −
µdβ
2
d
2~2
(Ed − V¯c)
]
×M0
[
Unphen(Eeff , r) exp
[
µβ2
2~2
Unphen(Eeff , r)
]
+Upphen(Eeff , r) exp
[
µβ2
2~2
(Upphen(Eeff , r)− V¯c)
]]
.
(40)
Thus, knowing phenomenological proton and neutron op-
tical potentials we can calculate V(Ed, r) and find Uloc
as a solution of Eq. (39). In Fig.1 (g − i) we have plot-
ted these solutions for 16O, 36Ar and 40Ca + d using
the CH89 systematics for Unphen and U
p
phen in compari-
son with the Johnson-Soper potential obtained also with
CH89. We used β = 0.85 fm since the real part of
the CH89 potential seems to be consistent with Perey-
Buck non-local potential of this range. The chosen value
β = 0.85 fm corresponds to βd = 0.4 fm and M0 = 0.78
[2]. We have also solved Eq. (39) by expanding the ex-
ponential in its left-hand side up to second order terms
but such solutions were not accurate enough.
Fig. 1 (g− i) shows that the distorting d−A potential
Uloc(CH89) generated from an energy-dependent phe-
nomenological local potential has a smaller real part than
UJS(CH89), similar to the case of GR and GRZ. How-
ever, the imaginary part of UJS(CH89) has more absorp-
tion in the internal nuclear region than has Uloc(CH89),
while being similar outside the nucleus. This is the con-
sequence of the interplay between the surface and volume
absorption in CH89 and the fact that the imaginary part
has to be evaluated at higher energies where the volume
absorption grows. Nevertheless, the differential cross sec-
tions, plotted in Fig.2 (g − i) show a similar influence
of non-locality to what has been observed with energy-
independent potential GR. The cross sections increase in
the main peak by 16%, 10% and 18% for the 16O, 36Ar
and 40Ca targets respectively. In comparison, an increase
of 15% is obtained with GR. The absolute cross sections
in the area of the main experimental peak obtained in
non-local calculations with three different nucleon opti-
cal potentials differ by 20% in the case of 16O and 36Ar
and by 30% in the case of 40Ca. This is comparable to the
dependence on optical potential parameters found typi-
cally in distorted-wave Born approximation calculations.
VII. DISCUSSION AND CONCLUSIONS
We have suggested an approximate practical way of
dealing with explicitly energy-dependent non-local nu-
cleon optical potentials when calculating the (d, p) reac-
tions within the A+ n+ p model space. We have shown
that within an approximation consistent with the adia-
batic model of (d, p) reactions the problem of using en-
ergy dependent nonlocal nucleon potentials is reduced to
the problem of calculating the (d, p) cross sections with
energy-independent nonlocal potentials, the solution of
which has been found in [1, 2]. It is important to note
that in obtaining our results we have assumed that any
explicit energy dependence of optical potentials arises
from many-body effects. In our treatment we start from
an approximate three-body Hamiltonian with non-local
nucleon optical potential operators at an energy fixed by
the incident deuteron energy. Our prescription is based
on the identification of the particular feature of the (d, p)
amplitude (small n−p separations) that is relevant to the
calculation of a particular form of the many-body (d, p)
transition operator. It is not a prescription that is in-
tended to be useful for the whole of configuration space.
For example, it can not be used in calculations of d− A
elastic scattering.
It is also important to note that in deriving the
three-body effective Hamiltonian we have ignored the
UpA
QA
e UnA + ..... terms in Eq. (7). These terms reflect
the fact that the many-body problem asociated with the
n+p+A system cannot be mapped exactly onto a three-
body model with Hamiltonian T3+Vnp+Up+Un. The ne-
glected terms are non-local energy dependent three-body
forces that are a necessary consequence of the underlying
many-body problem. They describe physical processes
in which the target is excited by the incident neutron
and de-excited by the proton and so on in higher orders.
Terms in which successive target excitations are caused
by the same nucleon are taken into account by the Un
and Up operators. The quantitative significance of the
UpA
QA
e UnA + ..... terms is unknown.
The phenomenological optical potentials can be as-
sumed to take antisymmetrization effects into account.
These effects are believed to make important contribu-
tions to non-locality and are taken into account by the
treatment of Timofeyuk and Johnson in [1, 2]. However,
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for the d+A system there are additional antisymmetriza-
tion effects that cannot be taken into account in this
way. For a discussion of their quantitative significance
see Tostevin, Lopes and Johnson [27].
The prescription of the present paper is simple enough
to be widely used in analysis of (d, p) experiments. How-
ever, it requires knowledge of the energy-dependence of
non-local optical potentials. At present, we are not aware
of any potential of such a kind [28] except for the GRZ po-
tential. While this potentials generates reasonable d−A
effective local potentials it clearly gives unphysical lo-
cal Johnson-Soper potentials that strongly overestimate
(d, p) cross sections at the low incident deuteron ener-
gies frequently used at several modern radioactive beam
facilities. This shows that more studies, using both phe-
nomenological and microscopic models, are needed to pin
down the energy-dependence of nucleon optical poten-
tials.
We have also suggested a simple way of correcting
the d − A potentials for non-locality when the energy-
dependence of non-local nucleon optical potentials is un-
known but energy-dependent local systematics are avail-
able. We have shown that if a specific assumption
about the form of energy-dependent non-local potentials
is made, then the local distorting deuteron potentials for
adiabatic (d, p) calculations are obtained as solutions of
a transcendental equation. While we believe that this as-
sumption should be valid for the targets considered here,
in general it may not be correct. For example, according
to GRZ, the asymmetry term of the optical potential has
much wider non-locality. Therefore, we can expect that
for Z 6= N targets Eqs. (35) and (40) could be modified.
Finally, we did not intend to provide new values for
the spectroscopic factors and asymptotic normalization
coefficents obtained from the analysis of (d, p) reactions
using our new prescription. Our aim here is to clarify
how the explicit energy-dependence of non-local optical
potentials affects known results of adiabatic (d, p) calcu-
lations. We do have preliminary ideas of what changes in
spectroscopic factors and asymptotic normalization coef-
ficients could be expected, but the details of any change
will depend on how well we understand the energy depen-
dence of non-local optical potentials. On the other hand,
our study is not comprehensive and many issues remain
outstanding. These include the influence of the deuteron
d-state on the effective d − A potential, corrections to
the approximate treatment of non-locality in [1],[2], non-
adiabatic corrections, additional antisymmetrization ef-
fects, multiple scattering etc. These questions present a
challenge to the development of the (d, p) reaction the-
ory and answering them is important for the correct in-
terpretation of measured (d, p) cross sections in terms of
the nuclear structure quantities.
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APPENDIX
A. The operator U .
Here, we derive the formula (3) from Section II for
the operator U whose matrix elements can be used to
give formally exact expressions for projections of the
many-body scattering state | Ψ
(+)
kd,A
〉 corresponding to
a deuteron of momentum kd in its ground state | φ0〉
incident on a target in its ground state | φA〉, which we
will assume has spin zero for simplicity here. The rel-
evant projection operators PA and QA project onto the
ground and excited states of nucleus A respectively and
satisfy
PA +QA = 1, PA | φA〉 =| φA〉, QA | φA〉 = 0,
P 2A = PA, Q
2
A = QA, PAQA = 0. (41)
The state | Ψ
(+)
kd,A
〉 is obtained by taking the limit ǫ→ +0
of the state | Ψ
(ǫ)
kd,A
〉 that satisfies the equation
(E + ıǫ−H) | Ψ
(ǫ)
kd,A
〉 = ıǫ | kd, φ0φA〉, (42)
where H is the Hamiltonian and E is the total energy of
the A+ n+ p, which in the notations of Section II is
H = T3 + Vnp + U
0
n(n) + U
0
p (p) +HA +∆vnA +∆vpA.
(43)
For ǫ 6= 0 the function | Ψ
(ǫ)
kd,A
〉 is uniquely defined by
the inhomogeneous Eq. (42). No further statements of
boundary conditions are required. It follows from Eq.
(42) that | Ψ
(ǫ)
kd,A
〉− | kd, φoφA〉 is square-integrable.
As discussed in Goldberger and Watson, Ref. [29],
Ch.5,“Formal Scattering Theory”, the function | Ψ
(ǫ)
kd,A
〉
is used as a stepping stone to the calculation of transition
matrices for all final channels using appropriate expres-
sions in which the limit ǫ → +0 can be taken without
ambiguity. They show that their methods can be justi-
fied by wave packet arguments.
Following Feshbach [11] we obtain equations coupling
the PA and QA components of | Ψ
(ǫ)
kd,A
〉, defined as
ΨP = PA | Ψ
(ǫ)
kd,A
〉, ΨQ = QA | Ψ
(ǫ)
kd,A
〉 (44)
by operating with PA and QA in turn on both sides of
Eq. (42) to obtain
(E + ıǫ− PAHPA)ΨP − PAHQAΨQ = ıǫ | kd, φ0φA〉,
(E + ıǫ−QAHQA)ΨQ −QAHPAΨP = 0. (45)
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From the second equation we deduce
ΨQ =
1
(E + ıǫ−QAHQA)
QAHPAΨP , (46)
and substituting this result into the first of Eq. (45) we
get an equation for ΨP alone:
(E + ıǫ− PAHPA)ΨP − PAHQA
×
1
(E + ıǫ−QAHQA)
QAHPAΨP
= ıǫ | kd, φ0φA〉,
(47)
where | kd, φ0φA〉 describes a plane wave deuteron in its
ground state incident on A in its ground state | φA〉.
For a spin-zero target A the projection ΨP will have
the form | Ψ
(ǫ)
kd
(n, p)〉 | φA〉. We obtain an equation for
the function of n and p coordinates, | Ψ
(ǫ)
kd
(n, p)〉, by tak-
ing the inner product of Eq. (47) with | φA〉. Using the
notation used in Eqs. (3) and (4) we get
(E3 + ıǫ− T3 − Vnp − U
0
n(n)− U
0
p (p)
−〈φA | (∆vnA +∆pA) | φA〉
−〈φA | (∆vnA +∆pA)QA
1
e−QA(∆vnA +∆pA)QA
×QA(∆vnA +∆pA) | φA〉) | Ψ
(ǫ)
kd
(n, p)〉 = ıǫ | kd, φ0〉,
(48)
where E3 = E − EA and we have used the fact that
E + ıǫ − T3 − Vnp − U
0
n(n) − U
0
p (p) commutes with PA
and QA so that
PA(E + ıǫ− T3 − Vnp − U
0
n(n)− U
0
p (p))PA
= (E + ıǫ− T3 − Vnp − U
0
n(n)− U
0
p (p))PA,
QA(E + ıǫ− T3 − Vnp − U
0
n(n)− U
0
p (p))QA
= (E + ıǫ− T3 − Vnp − U
0
n(n)− U
0
p (p))QA,
PA(E + ıǫ− T3 − Vnp − U
0
n(n)− U
0
p (p))QA = 0.
(49)
We have also used the fact that because the operator
1/(denominator) in Eq. (48) appears with QA on either
side then (i) only excited state eigenvalues of HA ever
appear and (ii) HA is diagonal in the basis of states of A.
Therefore, we can replace QA(HA−EA)QA by HA−EA.
It is convenient here to define an operator U in the
complete n+ p+A many-body space by the equation
U = (∆vnA +∆pA) + (∆vnA +∆pA)QA
×
1
e−QA(∆vnA +∆pA)QA
QA(∆vnA +∆pA).
(50)
In terms of U the Eq. (48) can be written as
(E3 + ıǫ− T3 − Vnp − U
0
n(n)− U
0
p (p)
−〈φA | U | φA〉) | Ψ
(ǫ)
kd
(n, p)〉 = ıǫ | kd, φ0〉, (51)
We see that the wavefunction | kd, φ0〉 of the three-body
model is determined by the target ground state matrix
element of U , 〈φA | U | φA〉.
We use the identity
1
e−O
=
1
e
+
1
e
O
1
e −O
, (52)
where O is an arbitrary operator. Identifying O with
QA
∑
N ∆vNAQA we can show that U satisfies the equa-
tion (3) of Section II.
B. Derivation of a multiple scattering expansion
for U .
The operator U is the unique solution of the equation
U = ∆vnA +∆vpA + (∆vnA +∆vpA)
QA
e
U. (53)
We derive the multiple scattering expansion of U using
the techniques of Watson [29]. We introduce two new
operators Wn and Wp defined in terms of U by
WN = ∆vNA +∆vNA
QA
e
U, N = n, p. (54)
By adding the formulae for N = n and N = p it can be
seen that Wn +Wp satisfies Eq. (53) and therefore
U =Wn +Wp. (55)
We next show how these operators are related to the
operators UNA used in the text and defined by
UNA = ∆vNA +∆vNA
QA
e
UNA. (56)
A useful way of expressing the solution of this equation
is to take the second term on the right over to the left
and deduce
UNA =
1
(1−∆vNA
QA
e )
∆vNA. (57)
Performing the analogous step in Eq. (54) with N = n, p
in turn and with U replaced by Wn +Wp we obtain
Wn = UnA + UnA
QA
e
Wp,
Wp = UpA + UpA
QA
e
Wn. (58)
Substituting the Wp formula into the right-hand-side of
theWn equation and theWn formula into the right-hand-
side of the Wp we obtain the uncoupled equations
Wn = UnA + UnA
QA
e
UpA + UnA
QA
e
UpA
QA
e
Wn
Wp = UpA + UpA
QA
e
UnA + UpA
QA
e
UnA
QA
e
Wp.(59)
In the standard way we iterate both of these equations
and then construct U = Wn +Wp. The first few terms
give the multiple scattering series discussed in Section
III.
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C. Derivation of the inversion formula, Eq. (21)
In order to understand the origin of the approximate
inversion of the operator (e−QA∆vNAQA) given in Eq.
(21) it is first necessary to look at the ADWA from a
different point of view from that customarily used.
In section II, Eq. (1) we introduced Ψ
(+)
kd
(n, p), the
projection of the full d+ A many body wavefunction on
to the ground state of A. It is the limit ǫ → +0 of the
function Ψ
(ǫ)
kd
(n, p) that satisfies
(E3 + ıǫ−Heff)Ψ
(ǫ)
kd
(n, p) = ıǫ | φ0kd〉, (60)
where Heff is the effective three-body Hamiltonian,
Heff = TR +Hnp + U(n, p), (61)
with Hnp = Tnp + Vnp and some arbitrary interaction
U(n, p) which can be an operator in the r and R degrees
of freedom. A formal solution to Eq. (60) is
Ψ
(ǫ)
kd
(n, p) =
ıǫ
(E3 + ıǫ−Heff)
| φ0kd〉. (62)
From this point of view we see that the solution of the
three-body problem for Ψ
(ǫ)
kd
(n, p) is equivalent to invert-
ing the operator (E3 + ıǫ−Heff). We now show that the
ADWA can be regarded as an approximate inversion of
this operator within the space of Weinberg states.
The Weinberg basis {φWi } associated with Hnp was in-
troduced by Johnson and Tandy [6] as being well adapted
to the evaluation of the components of Ψ
(ǫ)
kd
(n, p) that
dominate the A(d, p)B matrix element, Eq. (1) [3]. The
Weinberg states φWi satisfy the orthonormality relation
〈φWi | Vnp | φ
W
k 〉 = −δik. (63)
and the components | χ
(ǫ)
i 〉 of | Ψ
(ǫ)
kd
〉 in this basis are
| χ
(ǫ)
i 〉 = −〈φ
W
i | Vnp | Ψ
(ǫ)
kd
〉. (64)
The ADWA is obtained by multiplying Eq. (60) by
−〈φW1 | Vnp on the left, integrating over r and neglecting
all couplings between | χ
(ǫ)
1 〉 and all other i 6= 1 Weinberg
components. This results in
− 〈φW1 | Vnp(E3 + ıǫ−Heff) | φ
W
1 〉 | χ
(ǫ)
1 〉 = ıǫC
−1
1 |kd〉,
(65)
where C1 is the constant relating the first Weinberg state
φW1 to the deuteron wave function φ0 by φ
W
1 = C1φ0 and
satisfies | C1 |
2 〈φ0 | Vnp | φ0〉 = −1 [6]. On the other
hand, after multiplying Eq. (62) by −φW1 Vnp on the left
and integrating over r we get:
| χ
(ǫ)
1 〉 = −iǫC
−1
1 〈φ
W
1 | Vnp
1
E3 + ıǫ−Heff
| φW1 〉 | kd〉.
(66)
Combining Eqs. (66) into (65) we get
ıǫ 〈φW1 | Vnp(E3 + ıǫ−Heff) | φ
W
1 〉
× 〈φW1 | Vnp
1
E3 + ıǫ−Heff
| φW1 〉 | kd〉 = ıǫ | kd〉, (67)
which is satisfied if
〈φW1 | Vnp
1
E3 + ıǫ−Heff
| φW1 〉
=
1
〈φW1 | Vnp(E3 + ıǫ−Heff) | φ
W
1 〉
. (68)
Taking Eq. (19) and φW1 = C1φ0 into account in Eq.
(68), we see that the approximation (21) follows from the
same approximate inversion idea as used in the ADWA.
We now show how this approach can be made the basis
for making systematic improvements to the ADWA. In
the Weinberg basis an arbitary operator Oˆ is represented
by the matrix
OˆWij = −〈φi | VnpOˆ | φj〉. (69)
Eq.(62) tells us that these components are given by
| χ
(ǫ)
i 〉 = −
∑
k
ıǫGWik 〈φ
W
k | Vnp | φ0kd〉, (70)
where
GWik = −〈φ
W
i | Vnp
1
E3 + ıǫ−Heff(n, p)
| φWk 〉. (71)
Note that each matrix element GWik is an operator in the
space of R. Using the relation | φW1 〉 = C1 | φ0〉, we have
− 〈φWk | Vnp | φ0kd〉 = δk1
1
C1
| kd〉, (72)
and Eq. (70) reduces to
| χ
(ǫ)
i 〉 =
ıǫ
C1
GWi1 | kd〉. (73)
It was shown in [3] that for (d, p) reactions in a range of
incident energies of current interest the (d, p) transition
matrix, Eq. (1), is dominated by the first Weinberg com-
ponent | χ
(ǫ)
1 〉. According to Eq. (73) an exact expression
for this is
| χ
(ǫ)
1 〉 =
ıǫ
C1
GW11 | kd〉, (74)
which only involves the single matrix element GW11 .
The evaluation of GWik requires the inversion of the ma-
trix
DWlm = −〈φ
W
l | Vnp(E3 + ıǫ−Heff)) | φ
W
m 〉, (75)
so that
DWGW = 1. (76)
By writing DWij = D
W
ii δij +D
W
ij (1− δij) it is straightfor-
ward to show that an exact alternative to the condition
(76) is
GW =
1
DWdiag
+
1
DWdiag
DWnondiagGW , (77)
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where
DWdiagij = D
W
ii δij ,
DWnondiagij = D
W
ij (1− δij). (78)
In particular
GW11 =
1
DW11
+
1
DW11
∑
j 6=1
DW1jG
W
j1 (79)
The essence of the ADWA is that it ignores all cou-
plings between the first Weinberg component and all oth-
ers [6]. In this limit we deduce from Eq. (79) that
GW11 =
1
DW11
= −
1
〈φW1 | Vnp(E3 + ıǫ−Heff) | φ
W
1 〉
. (80)
in agreement with Eq. (68). The error is of second order
in the off-diagonal elements 〈φW1 | Vnp(E3 + ıǫ − TR −
Heff(n, p)) | φ
W
i 〉 with i 6= 1.
This approach can be developed by iteration of Eq.
(77) to give corrections to the ADWA.
D. Averaging Tp + Vnp and Tn + Vnp
In Section IV we have shown that the expression for
the ADWA distorting potential requires the evaluation
of matrix element (21). The denominator in the neu-
tron contribution contains the operator Tn, as appears
in the expression for neutron optical potential, and the
operator Tp + Vnp for which we want to deduce an aver-
age value consistent with ADWA. Here we evaluate the
average 〈φ1 | Tp + Vnp | φ0〉 acting on χ
(+)
kd
(R). Since
Tp =
1
2
(TR + Tr)−
~
2
2MN
∇r.∇R, (81)
we obtain
〈φ1 | Tp | φ0〉χ
(+)
kd
(R) =
1
2
(TR + 〈Tr〉)χ
(+)
kd
(R)
−
~
2
2MN
[∫
drφ∗1(r)∇rφ0(r)
]
.∇Rχ
(+)
kd
(R)
=
1
2
(TR + 〈Tr〉)χ
(+)
kd
(R), (82)
where the last line contains the quantity
〈Tr〉 = 〈φ1 | Tr | φ0〉 (83)
introduced by Timofeyuk and Johnson in [1]. In obtain-
ing the last line in Eq. (82) we have used that fact that
φ0 and φ1 have the same parity and that 〈φ1 | φ0〉 = 1.
Using the exact result
〈φ1|Vnp|φ0〉 = −ǫ0 − 〈Tr〉. (84)
we obtain
〈φ1 | Tp + Vnp | φ0〉χ
(+)
kd
(R) = [
1
2
(TR − 〈Tr〉)− ǫ0]χ
(+)
kd
(R).
(85)
The same results is obtained for the average 〈φ1 | Tn +
Vnp | φ0〉 that is relevant to the calculation of the proton
contribution to the distorting potential in the deuteron
channel.
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